Quasicrystals possess long-range positional and orientational order. However, they cannot be periodic in space due to their non-crystallographic symmetries such as a 10-fold rotational axis. We perform Monte Carlo simulations of two-dimensional hard-needle systems subject to a quasiperiodic substrate potential. We determine phase diagrams as a function of density and potential strength for two needle lengths. With increasing potential strength short needles tend to form isolated clusters that display directional order along the decagonal directions. Long needles create interacting clusters that stabilize the nematic phase. At large potential strengths the clusters position themselves on two interwoven Fibonacci sequences perpendicular to the cluster orientation. Alternatively, one obtains extended domains of needle clusters which are aligned along all decagonal symmetry directions.
I. INTRODUCTION
The discovery of quasicrystals and their publication in 1984 (Ref. 1) raised a lot of scientific interest in the past decades. Quasicrystals possess long-range positional order, however, their non-crystallographic rotational symmetry is incompatible with any periodic repetition of a unit cell in space. [2] [3] [4] [5] Therefore, quasicrystals constitute are third solid state between amorphous and crystalline materials. Since the first observation of quasicrystals a huge number of artificially produced quasicrystalline materials has been reported. 6, 7 While they are mostly solid, quasicrystalline structures in soft matter also exist. 8, 9 Only recently, a natural quasicrystal has even been found. 10 Quasicrystals have exceptional material properties, 11 such as a low coefficient of friction, 12 catalytic qualities, 13 and the possibility of producing photonic bandgaps. 14 Hence, a growing topic in the last years has been the question how atoms order on quasicrystalline surfaces with the ultimate goal to controllably grow quasicrystalline materials. 11, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] In particular, research groups have studied the interaction of quasicrystalline surfaces with different types of atomic adsorbates, which usually form conventional crystalline phases. As a result, they have identified new self-assembled structures of adatoms on surfaces of quasicrystalline alloys in experiments 15, 18, 25 and in theoretical simulations. 23, 24 A quite recent research line in connection with quasicrystals uses dispersions of micrometer sized colloidal particles that are commonly used to model atomic and molecular systems. 26, 27 With the help of interfering laser beams one can create a quasicrystalline substrate potential for colloidal particles. 28 Under the influence of this light pattern, colloids order in new phases such as a Archimedian-like tiling or a phase with 20-fold bond-orientational order that have been identified both in experimental and theoretical studies. [28] [29] [30] [31] [32] [33] [34] The novel phase behavior arises from the competition of the a) Electronic mail: kaehlitz@itp.tu-berlin.de. b) Electronic mail: holger.stark@tu-berlin. de. natural hexagonal ordering of colloidal particles and their interactions with the quasicrystalline substrate. Colloidal dispersions offer the possibility of studying generic features of adsorbates on quasicrystalline substrates without dealing with the subtle chemical properties of individual materials. Another example in this direction is the diffusion of colloids in quasicrystalline potentials. 35 In this article, we address how hard needles as the simplest form of elongated particles order on a quasicrystalline substrate. Due to their elongated shape particles or molecules exhibit a wealth of different liquid-crystalline phases that are characterized by long-range orientational ordering. 36 The simplest is the nematic phase for which Onsager introduced the hard-rod model and presented a first theoretical treatment on the molecular level. 37 Besides conventional thermotropic and lyotropic liquid crystals, 36 nature provides many elongated particles or molecules that display phases with orientational ordering. For example, alkane molecules on graphite form two-dimensional molecular patterns reminiscent to smectic phases. 38 Mosaic tobacco viruses with a length of 300nm and a width of 18nm approximate hard needles very well. At higher packing densities they form several liquid-crystalline phases including the nematic phase. [39] [40] [41] [42] Even higher aspect ratios exist for natural clay or Boehmite rods. [43] [44] [45] In this article, we investigate the phase behavior of hard needles in a quasicrystalline substrate potential with decagonal symmetry by varying density and potential strength. Besides the nematic phase we will identify a surface-induced directional phase and at large density and potential strength a phase region where an initial nematic ordering can be frozen in. The decagonal surface potential possesses one major length scale a V . To illustrate how the structure of the surface potential influences the phase ordering of the needles, we study two needle lengths L: the "short" needles with L = a V explore details of the substrate potential and form nearly isolated needle clusters for increasing potential strength. "Long" needles with L = 3a V average over such details and stabilize nematic order. The needle clusters interact with each other and form domains with uniform orientation. Note that in the following we frequently speak about surface-induced ordering and thereby always mean the ordering in a monolayer of needles induced by the substrate potential.
The quasi-nematic phase of hard needles in two dimensions was first investigated numerically by Frenkel and Eppenga. 46 For the density-controlled transition to the isotropic phase they suggest a continuous transition of the Kosterlitz-Thouless type. 47 Kosterlitz evaluated the relevant critical exponents of the XY model, 48 which were confirmed for the hard-needle model just recently by Vink using Monte Carlo simulations. 49 Orientational correlations of the needles in the quasi-nematic phase decay algebraically. Thus the quasi-nematic phase does not exhibit a true but only a quasilong-range orientational order. 46 In our simulations, we recognize a slight decay of nematic order with system size but our systems are sufficiently small so that the algebraic decay does not play any role here.
The article is organized as follows. In Sec. II we introduce the hard-needle model, discuss relevant properties of the substrate potential, and mention details of our Monte Carlo simulations. Section III presents the phase behavior of short and long needles and discusses relevant features in detail. We close with a summary and conclusions in Sec. IV.
II. MODEL

A. Hard needles
Hard needles are particles with an aspect ratio needle length to diameter of L/D = ∞. They interact through hard core repulsion only. This means they are not allowed to cross each other which is a severe limitation for their positions and orientations at high densities. The two-dimensional nematic order parameter S of a N-needle system is defined as
where θ i is the angle of the ith needle with the nematic director. In practice, we introduce the orientational tensor order parameter for one configuration of N needles,
where
is a unit vector indicating the direction of needle i. Since Q aa = 0, the two eigenvalues of Q ab , Q, and −Q add up to zero and the nematic order parameter is the ensemble average S = Q over the positive eigenvalue of Q ab . 46 Under the influence of a substrate potential, the needles will align along the symmetry directions of the potential. To describe this type of ordering, we introduce the directional order parameter for m-fold order,
where α j is the angle of the needle j with respect to an arbitrary axis. In the case of m = 2 this order parameter is identical to the nematic order parameter S = 2 . To track the alignment of the needles along the ten symmetry directions of the decagonal substrate, we use the tenfold directional order parameter 10 . For perfect nematic order angles α and α + π occur with the same frequency and also 10 is one. Non-perfect nematic order strongly decreases the decagonal directional order parameter since m = 10 in the exponent of m "amplifies" any deviations from the perfect alignment. As a result, in our simulations without a substrate potential 10 is always well below 0.2 even at the highest densities where nematic order exists. We note that this is just an artificial contribution to 10 .
Often it is difficult to locate a phase transition by just studying the relevant order parameter. To better determine the position of the phase transition, it helps to look at the fluctuations of the order parameter which become maximal at a phase transition and, in particular, show critical behavior in the vicinity of second-order phase transition. 50 The fluctuations of the nematic order parameter are characterized by the variance with respect to S, which is also known as susceptibility, 51, 52 
In the same way, we define the variance for fluctuations around the directional order parameter,
Furthermore, we also look at the specific heat capacity, which is connected to fluctuations in the energy E of a needle configuration
B. Substrate potential
In recent experiments five laser beams were used to create a quasicrystalline interference pattern in which the twodimensional ordering of colloidal particles was studied. 28 We use this pattern to investigate the phase ordering of hard needles on a simple substrate potential with decagonal symmetry. It is easy to describe in theory, 29, 30, 35 
The vectors G i are the projection of the wave vectors of the five laser beams onto the plane of the substrate and a V = 2π/| G i | defines a characteristic length scale of the potential. In the following, we give all lengths in units of a V . The five wave vectors G i point to the vertices of a pentagon and generate a star of vectors with an angle φ = 2π /5 between two neighboring vectors ( G i , G i+1 ) (see Fig. 1 ). In particular, we choose G 0 = (0, 2π/a V ). The parameter V 0 determines the depth of the deepest minima in the potential located at the origin. In our simulations, we give V 0 in units of the thermal energy kT, where k is the Boltzmann constant and T is temperature. Figure 2 shows the substrate potential and also the characteristic length scale a V (short red line).
The needles interact with the substrate potential V ( r) by averaging it over the full needle length. This leads to a potential V N ( r, u) that depends on both the needle center at r and its orientation u,
In the following, we will concentrate on two needle lengths: Needles with L = 1a V , which we call short needles, and needles with L = 3a V , which we call long needles. In the illustration of the substrate potential V ( r) in Fig. 2 their preferred positions and orientations are such that they connect the potential minima of the substrate potential, so their usual positions will be between the minima. Therefore, the location of the minima on straight lines is important for a better understanding of the ordering of the needles. For each of the five equivalent directions, the minima define straight lines which we indicate by the solid green lines in Fig. 2 . Similar to Refs. 53 and 54, the decagonal substrate potential in Fig. 2 can be covered by a Penrose tiling of fat and skinny rhombic unit cells. The Penrose tiling is a quasicrystalline tiling of the plane with a fivefold rotational symmetry. A special decoration of the two unit cells with line segments leads to a set of parallel lines in each of the five symmetry directions of the tiling. These lines are also called Ammann bars.
Parallel Ammann bars follow a Fibonacci sequence 55, 56 (to be explained below). From mappings of our substrate potential on the Penrose tiling, [57] [58] [59] where the potential minima appear in the decoration of the rhombic unit cells, we expect that the distances L and L + S between the full green lines follow a Fibonacci sequence as well. The Fibonacci sequence defines a typical one-dimensional quasicrystalline structure. In general, one generates it iteratively from a short (s) and a long (l) length scale by introducing a sequence S n with the rule S n = S n − 1 S n − 2 which starts at S 0 = l and S 1 = ls. Besides the lines predicted by the Penrose tiling, the weaker minima of the potential lie on the dotted green lines in Fig. 2 . One half of them together with the full green lines defines a Fibonacci sequence with the short (S = (τ − 1)a V ) and the long (L = a V ) length scales, where τ =
is the golden mean. To predict the positions of the lines connecting all minima of the potential along one of the symmetry direction, one needs two Fibonacci chains. Of course, in each of the five symmetry directions one has the same two Fibonacci chains. The crossing points of all the lines give the locations of the potential minima.
In the integrated needle potential V N ( r, u) of Eq. (8) a minimum occurs, when the needles connect minima so they are oriented along the green lines in Fig. 2 . Therefore, the center of the needle defines the location of a minimum V N ( r, u) with a unique needle orientation. There are no positions in the plane, where a needle sees a minimum potential energy with two possible orientations.
C. Monte Carlo simulation
We use a Monte Carlo NVT algorithm with periodic boundary conditions. 60, 61 Since the quasicrystalline potential is not periodic, discontinuities at the boundaries of the periodically repeated simulation boxes occur. To minimize the discontinuities, we choose special box sizes following Ref. 62 . For the decagonal potential the edge lengths of the simulation box sizes have to be X = 2na V and Y = ma V /sin(π/5), where n and m are Fibonacci numbers. Since we fix the box sizes to discrete values, we vary the particle number to realize different densities. Most of our simulations are performed with n = 3, m = 5 for short needles and n = 13, m = 21 for long needles. The particle number varies between 232 and 654 for the short needles and between 331 and 886 for the long needles to realize an appropriate density range. The limitations on the possible box sizes also makes it difficult to perform finite-size analysis. The next larger box size for the long needles needs 776 needles at the lowest and 2318 at the highest simulated density. Because of the very long computation time, we performed a search for finite-size effects only for two densities of the two needle lengths. We confirmed results from Ref. 46 that in the two-dimensional needle system the position of the isotropic-to-quasi-nematic transition depends on the system. However, for the onset of the decagonal directional order, which is mainly determined by the substrate potential, we don't find a finite-size effect. In the following, we measure the needle density ρ in units of the square of the needle length, 1/L 2 . In this way, the isotropic-nematic phase transition always occurs at the same value of the reduced density ρ independent of needle length L.
Each Monte Carlo cycle for one particle is divided into three steps. We first perform a Monte Carlo step, where we only change its position followed by a separate rotational step for its orientation. The advantage is that we can decouple the acceptance rate for both steps from each other and choose for each of them the optimal maximal value, separately. However, we also need a third combined positional and rotational step to avoid very high potential barriers. They occur when we shift and rotate the needles separately. Positional and rotational sifts are chosen from a constant probability distribution with a maximum distance and a maximum rotation angle. We adjust the combined acceptance rate for all three steps together to 0.5 by varying the maximum distance and the maximum rotation angle. About every 100th step these maximum values are set to three times the needle length and to 180
• . Such moves have a very low acceptance rate but help the system to dissolve locked cluster states of the needles. To equilibrate the system, we use a few 10 5 Monte Carlo sweeps at low densities and low potential strengths up to a few 10 6 sweeps for high densities and high potential strengths. One Monte Carlo sweep consists of the number of particles times a single Monte Carlo cycle for each particle. As initial conditions we choose two different needle configurations. The first consists of a random distribution of both the needle positions and orientations. With such isotropic starting conditions one can study whether the hard needles are able to build up nematic order. In the second configuration the positions of the needles are randomly distributed but they all align along an arbitrarily chosen common direction. Starting with such an ideal nematic order, we investigate how stable the nematic phase is. At least 10 simulation runs with independent initial conditions are performed for each initial condition and each density.
III. RESULTS
We present the simulation results for short and long needles in Subsections III A and III B. At the beginning of each section, we briefly introduce the phase diagram and then discuss its different regions in detail.
A. Short needles
The phase diagram of the short needles in Fig. 3 can be divided into four regions. The most important transition separates surface-induced directional or decagonal order at high substrate strength from a region at low or zero strength. Here, the substrate does not influence the typical phase behavior where below a density of ρ ≈ 5.9 we observe an isotropic phase followed by the quasi-nematic phase as already reported for this system size by Frenkel and Eppenga. 46 Above the main transition line also two regions exist. In the lowdensity region a pure decagonal phase exists without any nematic order. In the region at high densities, the realized ordering depends on the initial condition. In particular, it is possible to freeze in a starting configuration with nematic order in addition to the surface-induced decagonal order. Now, we give a detailed account of our results.
In Fig. 4(a) , we plot the decagonal order parameter 10 and its susceptibility χ as a function of the potential strength V 0 . The maximum of the susceptibility coincides with the inflection point of the decagonal order parameter at a value of 10 ≈ 0.2. We find this behavior at all simulated densities. Therefore, we let the decagonal directional phase of the needles start at 10 ≈ 0.2. Figure 4(b) shows the decagonal order parameter versus V 0 for different densities. In the short-needle system, all these curves look similar and there is no pronounced density dependence. Only for low densities, decagonal ordering needs a higher potential strength to develop. Accordingly, the transition line in the phase diagram 3 slightly bends upwards at low densities. The minimum potential strength for observing the decagonal phase is about V 0 = 15 at high densities. Despite the clear maximum in the susceptibility, we do not observe a maximum in the heat capacity at the same position in the phase space. This is reminiscent to the work of Frenkel and Eppenga. 46 They only observed a weak maximum in the heat capacity shifted against the actual transition from the isotropic to the nematic phase.
The snapshots of Fig. 5 show the short-needle system at a density ρ = 8.1. At V 0 = 10 (left) the system is still in the nematic phase and the substrate potential did not enforce any decagonal ordering. At V 0 = 40 the needles form densely packed clusters with the length of one needle and a much smaller width that are well separated from each other. As explained in Subsection III B, the clusters connect two local minima in the quasicrystalline potential. They form a highly ordered decagonal phase with directional order parameter 10 ≈ 0.8. The pair correlation function for V 0 = 40 in Fig. 6 shows the dense packing within the clusters through the large first maximum very close to r = 0. One recognizes the isolated clusters by the deep and broad first minimum at r = 0.5. Finally, we note that the profiles for the decagonal order parameter in Fig. 4(b) do not change by increasing the number of needles from ∼600 to 1200. So there is no size dependence. This is in agreement with the fact that the decagonal order is due to the local values of the substrate potential.
We now discuss the transition from the nematic phase into the region with surface-induced directional order for increasing V 0 . Figure 7 We use the orientational correlation function for nematic order,
to illustrate the orientational order of the clusters at high potential strength. Figure 8 displays a central spot surrounded by 10 red spots which indicate directions in space along which clusters assume the same orientation as the central cluster.
In between, the blue spots give directions with perpendicular orientation. The pattern in Fig. 8 displays the same decagonal symmetry and positional order as the substrate potential. Therefore, the needle clusters exhibit the same long-range positional and orientational order as the substrate potential. Figure 9 illustrates the fourth region in the phase diagram in Fig. 3 high potential strengths. However, an initial nematic order remains or freezes in beyond V 0 = 36. We have confirmed this behavior by doubling the simulation time normally needed for equilibrating the system. The snapshot of Fig. 10 shows the short-needle system with frozen nematic order. Needle clusters with the same orientation order along the Fibonacci lines as expected from the structure of the substrate potential (Fig. 2) . In between needle clusters with different orientation occur. In our simulations, the order parameter never exceeds S ≈ 0.7 since between clusters oriented along neighboring Fibonacci lines always clusters with different orientations can be inserted. Therefore, in a frozen nematic state we always observe at least two of the five possible cluster orientations and the nematic order is never perfect.
In the region of frozen initial configuration, the energy of the system, the decagonal order, and the heat capacity do not depend on the degree of nematic ordering. So, configurations with different frozen nematic order just seem to constitute different possible realizations of the same decagonal order which corresponds to a highly degenerate ground state.
B. Long needles
The phase diagram of the long needles in Fig. 11 can be divided into five regions and exhibits pronounced differences compared to the short-needle system and its phase behavior in Fig. 3 . The most important division line marks again the onset of surface-induced decagonal order with 10 > 0.2 for increasing substrate strength V 0 . However, whereas for short needles this line is more or less horizontal, it now tilts towards smaller V 0 when density ρ increases. Below the decagonal transition line, one observes again the isotropic and quasinematic phase with the transition located at ρ ≈ 6.2 for the simulated system size. Interestingly and in contrast to short needles, the transition at ρ ≈ 6.2 extends beyond the main decagonal transition line to larger V 0 , where now three different phase regions exist. At densities below ρ ≈ 6.2 the system assumes pure decagonal order without any nematic ordering. At densities larger than ρ ≈ 6.2 a phase with both nematic and decagonal order exists up to a substrate strength of V 0 ≈ 35. In the short-needle system, such a phase does only occur in a very narrow region of V 0 . For ρ > 6.2 and V 0 > 35, the starting configuration again freezes in. Now, we describe the phase behavior in more detail and try to explain it.
We first discuss the decagonal ordering of the long needles as illustrated by the decagonal order parameter 10 plotted versus V 0 for several densities in Fig. 12 . Most properties of 10 are the same as in the short-needle system. The maximum of the susceptibility χ when plotted as a function of V 0 occurs again when the decagonal order parameter assumes the value 10 ordering strongly decreases with increasing density (see also Fig. 11) . We understand such a behavior qualitatively. With increasing V 0 , short needles tend to form compact clusters of the size of one needle length when they connect two potential minima. The clusters are well separated from each other regardless their density. In contrast, long needles connect several minima and even share one or two of them. Now, clusters with the same orientation form elongated domains which have a length equal to several needle lengths (Fig. 13) . The widths of the domains oriented along one of the decagonal directions also extend beyond one needle length since geometrically it is simpler to align clusters. For larger densities, we expect such domains to form more easily which explains the behavior of the decagonal transition line. Figure 14 maxima at r ≈ a v and larger radii indicate characteristic distances between the needle clusters. In particular, they are visible within the domains perpendicular to the needle orientation.
At low densities ρ < 6.2 the needles show surfaceinduced decagonal order without any nematic ordering. Similar to Fig. 13 the needle clusters form aligned domains that are equally distributed in all 10 decagonal directions. Above ρ = 6.2 the formation of the needle clusters does not destroy nematic order since the clusters overlap with each other as explained in the previous paragraph. As a result, the phase region with both stable nematic and decagonal order in the phase diagram of Fig. 11 occurs. Figure 15(a) demonstrates that for each density the nematic order parameter is nearly constant as a function of V 0 . One recognizes a slight increase when the decagonal order is established and a decrease beyond V 0 = 40 in the region of frozen initial configuration. In Fig. 16(a) we show a typical needle snapshot of the combined nematic and decagonal order at ρ = 8.6 and V 0 = 18. One clearly recognizes an average direction of the needles along the director, which points along one of the decagonal directions. The single needle orientations fluctuate around the director. The corresponding orientational distribution function of the needles is plotted in Fig. 16(b) . Besides the orienta- tion of the director at α = 2π /5, two weaker maxima appear at the neighboring decagonal directions at α = π /5 and 3π /5. Increasing the density, these maxima become weaker in agreement with the increasing nematic order parameter S. All three maxima become sharper when V 0 increases restricting the needles more and more to the decagonal directions of the substrate potential. For a large substrate strength of V 0 = 60 this is illustrated in Fig. 17 . The needles form again clusters which are mostly aligned along one decagonal direction. Some needle clusters deviate from the nematic director and point along other decagonal directions reducing the nematic order parameter below S = 1. Still the directional order parameter indicates decagonal ordering. The blow-up of one region of the snapshot in Fig. 17 reveals that the positions of the needle clusters possess one-dimensional quasicrystalline order perpendicular to the nematic director. The order is characterized by the two Fibonacci chains, which we identified in the substrate potential as illustrated in Fig. 2 .
Finally, in the region termed frozen initial configuration in the phase diagram of Fig. 11 , the mobility of the needles is so small that the system is not able to change an initial configuration. Like short needles, long needles are able to freeze in an initial nematic order. However, if the simulation starts without any orientational order, nematic ordering does not develop during equilibrating the system. Figure 15(b) shows how the nematic order parameter S depends on the starting configuration. The energy, heat capacity, and decagonal order are the same whether the system freezes in the nematic or isotropic state. In the isotropic system, needle clusters are aligned within domains the orientations of which are distributed equally on all ten decagonal directions. A typical needle snapshot was already discussed in Fig. 13 . The ordering in the nematic system was already introduced in the last paragraph and Fig. 17 . 
IV. SUMMARY AND CONCLUSIONS
We have determined phase diagrams of a twodimensional hard-needle system under the influence of a decagonal substrate potential. In the short-needle system the quasi-nematic order is destroyed with increasing potential strength. The system exhibits directional order where the needles gradually form disconnected clusters located between two potential minima and oriented along the symmetry directions of the decagonal potential. As a result, the needle clusters exhibit the same long-range positional order as the substrate and their relative orientations also display longrange order. Finally, at sufficiently high densities and potential strengths it is possible to freeze in nematic order up to an order parameter of S = 0.7.
Long needles tend to connect several potential minima with increasing potential strength and to form clusters that interact with neighboring clusters. In contrast to short needles, now extended domains of uniformly oriented clusters along the decagonal directions form. At larger densities the interaction between needles enforces directional order to set in at lower potential strengths compared to the short-needle system and to stabilize the nematic phase also in regions of surfaceinduced directional order. For densities above the isotropicnematic phase transition, the needle clusters position and orient themselves along lines defined by the potential minima. These lines follow a one-dimensional quasicrystalline order that is described by two interwoven Fibonacci chains. The effect becomes very pronounced for large potential strengths, where one can again freeze in nematic order with any value of the order parameter S.
The combination of a hard-needle system, which tends to form a quasi-nematic phase in two dimensions, and a quasicrystalline substrate potential leads to interesting patterns of clustered needles especially for large potential strengths. It would be interesting to perform experiments with the help of quasicrystalline light patterns as in Refs. 28, 30, and 33 using appropriate colloidal needle systems. Especially with interfering laser beams it should be possible to tune the characteristic length a V of the resulting decagonal potential and to explore how the needle system reacts to varying this length scale. In theory, we currently explore needles with a finite thickness instead of ideal needles. We already recognize differences in the phase diagram. It is also appealing to use the resulting two-dimensional needle adsorbates as templates to build three-dimensional structures and to explore how well the quasicrystalline cluster phases extend into the third dimension.
